Abstract. In [P. Niroomand, R. Rezaei, On the exterior degree of finite groups, Comm. Algebra 39 (2011), 335-343] it is introduced a group invariant, related to the number of elements x and y of a finite group G, such that x ∧ y = 1 G∧G in the exterior square G ∧ G of G. This number gives restrictions on the Schur multiplier of G and, consequently, large classes of groups can be described. In the present paper we generalize the previous investigations on the topic, focusing on the number of elements of the form h m ∧ k of H ∧ K such that h m ∧ k = 1 H∧K , where m ≥ 1 and H and K are arbitrary subgroups of G.
1. Non-abelian tensor product, homological algebra and commutativity degree All the groups, which are considered in the paper, are supposed to be finite. Some technical notions of homological algebra should be recalled from [8, 9, 10] in order to formulate our topic of investigation in an appropriate way.
For any group G we can construct functorially a classifying space B(G) with the following properties.
1) The topological space B(G) is a connected CW-complex.
2) The fundamental group π 1 (B(G)) of B(G) is isomorphic to G.
3) The higher homotopy groups π n (B(G)) are trivial for n ≥ 2.
The singular homology groups of any space X, with coefficients in the abelian group Z, will be denoted by H n (X). Since the homology groups H n (B(G)) depend only on the group G, we can write H n (G) = H n (B(G)), for all n ≥ 0. For each normal subgroup H in G we functorially construct a space B(G, H) as follows. The natural homomorphism G → G/H induces a map f : B(G) → B(G/H). Let M (f ) denote the mapping cylinder of this map. Note that B(G) is a subspace of M (f ), and that M (f ) is homotopy equivalent to B(G/H). We take B(G, H) to be mapping cone of the cofibration B(G) → M (f ). The cofibration sequence B(G) → M (f ) → B(G, H) yields a natural long exact homology (Mayer-Vietoris) sequence . . . → H n+1 (G/H) → H n+1 (B(G, H)) → H n (G) → H n (G/H) → . . . for n ≥ 0. It can be shown that H 1 (B(G, H)) = 0 and
The classifying space B(F ) of a free group F is one-dimensional, and so H n (F ) = 0 for n ≥ 2 and it is easy to check that
] is a natural homomorphism and M (G) is the Schur multiplier of G. Now it is meaningful to define the Schur multiplier of the pair of groups (G, H) as the set M (G, H) = H 3 (B(G, H)). We can generalize more. By a triple we mean a group G with two normal subgroups H and (G, H) ). The definition of M (G, H, K) is in terms of the mapping cone B(G, H, K) of the canonical cofibration B(G, K) → B(G/K, HK/H). An analogy with the case of pairs allows us to define
The Schur multiplier of a triple is related to an important construction, which we recall as in [10, Section 3] and [3, 4] . A group G acts by conjugation on its normal subgroups H and K via the rule g x = gxg −1 , for g in G and x in H or K, and the exterior product H ∧ K is defined as the group generated by the symbols h ⊗ k, subject to the relations:
turns out to be a group epimorphism, whose kernel ker κ ′ is abelian. Furthermore, ker κ ′ ≃ M (G, H, K) whenever G = HK (see [10, Theorem 6.1] ). Omitting the relation y ⊗ y = 1, it is similarly defined the non-abelian tensor product H ⊗ K of H and K. By analogy, the map κ :
turns out to be a group epimorphism, whose kernel ker κ = J(G, H, K) is again abelian. We note that J(G, H, K) is related to the fundamental group of a covering space and has significant interest in algebraic topology (see [3, 4, 8, 9, 10] ).
The above information are summarized below, where G = HK (with H and K normal in G).
(1.2)
From the results in [3, 4, 8, 9 , 10], (1.2) is commutative with central extensions as rows and natural epimor-
ab is the usual tensor square of an abelian group. It may be helpful to recall that the actions of
which turns out to be a subgroup of G and the exterior center of G is the set
which is a subgroup of the center Z(G) of G. Further details can be found in [8, 9, 16, 18] . Very briefly, we mention that the interest in studying C ∧ G (x) and Z ∧ (G) is due to the fact that they allow us to decide whether G is a capable group or not, that is, whether G is isomorphic to E/Z(E) for some group E or not. [2] and [1, Chapter 21] illustrate that capable groups are well-known and classified. Now we recall from [6, 7, 11, 12, 13, 14, 15, 19] that the commutativity degree of G is the ratio
There is a wide production on d(G) and its generalizations in the last decades. For instance, given an arbitrary subgroup H of G, it was introduced in [11] the n-th relative nilpotency degree of G (1.4)
It is clearly a generalization of d(G), and, in case n = 1, it was proposed the further generalization
in [6] , where H is a normal subgroup of G, K is an arbitrary subgroup of G and k K (H) is the number of the
We will focuse on a recent contribution in [17] , where it is introduced the exterior degree of G
which can be written by [17, Lemma 2.2] as
In analogy, given two arbitrary subgroups H and K of G, we define for m ≥ 1 the m-th relative exterior degree of H and K in G
is the m-th exterior degree of G and, of course, d
so that it is meaningful to generalize the bounds in [17] . We also note that for H = G and m = 1 there are results on d ∧ (G, K) in [18] . While the commutativity degree represents the probability that two randomly picked elements of G are commuting, the n-th relative nilpotency degree is a variation on this theme. By analogy with the operator ∧, the m-th relative exterior degree is a variation on the theme of the exterior degree, involving the powers of x and the single element y. We will study the effects of d ∧ m (H, K) on the structure of G in the successive sections.
Basic properties
An immediate observation is that we may rewrite d
Assume that H is normal in G and C 1 . . . , C kK (H) are the K-conjugacy classes that constitute H. It follows that
)| and then a natural number. The assumption that H has to be normal in G is done in order to have an entire conjugacy class which is fixed under the action of K on H. It may be helpful for the rest of the paper to define the group
Lemma 2.1. Let H be a normal subgroup of a group G and K be a subgroup of G. Then
In particular, if G = HK and K is normal in G, then L(m, i; h, K) is isomorphic to a subgroup of M (G, H, K).
Proof. The first part follows from (2.2). Now assume that G = HK for H and K normal in G. The exact sequence (1.2) implies that for all i = 1, . . . , The sequence d ∧ m (H, K) is monotone in the sense of the next result. We should do an assumption on m of being of prime power order. This will be necessary (but not sufficient) to have the subgroup lattice of a cyclic group which is a chain. Proposition 2.2. Let H and K be subgroups of G and p be a prime divisor of |H|. Then there exists an integer r ≥ 1 such that
Proof. Let h ∈ H be of order p r for some integer r ≥ 1.
from which we deduce We can refine the condition at infinity of r, by looking at Proposition 2.2, and we have the following result.
Corollary 2.4. Let H be a normal subgroup of a group G, K a subgroup of G and p a prime divisor of
|L(p r ,i;h,K)| = 1 and the action of K on H induces just one orbit, then lim
Proof. The first part of the result follows from Proposition 2.2.
Lemma 2.1 and the assumptions imply
The choice of p implies 
Proof.
In particular, [17, Lemma 2.10] can be found as a special case of the previous result. Another general property is encountered when we go to form quotients and for m = 1 it can be found in [17, Proposition 2.6] . Before to describe it, we introduce the set Z ∧ (H, K) = {h ∈ H | h ∧ k = 1 H∧K ∀k ∈ K}, where H and K are normal subgroups of G, acting upon each other by conjugation. Z ∧ (H, K) is largely described in [18] when G = H and it is easy to check that Z ∧ (H, K) is a subgroup of H, and, in particular,
Proposition 2.6. If H and K are two subgroups of G containing a normal subgroup N of G, then d
Proof. (2.13)
We find always an exact sequence (2.16)
A general restriction is the following. Theorem 2.7. Let G = HK for two normal subgroups H and K. Then for all m ≥ 1
Proof. Keeping in mind Lemma 2.1 and noting that C K (h On another hand, again Lemma 2.1 implies
In [8, 16, 17] it was noted that a group G such that Z ∧ (G) = Z(G) has strong structural restrictions; among these it was noted in [17] 
